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Abstract
Successful representation learning models ap-
pear to develop strikingly similar features to
each other, raising the prospect of a fundamen-
tal underlying principle. We show that nonlin-
ear Hebbian learning gives a parsimonious ac-
count for feature learning, underlying models
such as sparse coding, neural networks and in-
dependent component analysis. For all datasets
considered, the most hyper-Gaussian features are
learned irrespective of the effective nonlinearity
of the model. Particularly, it explains why Ga-
bor filters are ubiquitously developed for image
inputs. Our results reveal that feature learning
is robust to normative assumptions, exposing a
large class of models with comparable learning
properties.

Introduction
The characteristic receptive fields of simple cells in V1
have been related to statistical properties of natural im-
ages (Field, 1994). These findings inspired various mod-
els, based on principles as diverse as sparse sensory repre-
sentations (Olshausen & Field, 1996), optimal information
transmission (Bell & Sejnowski, 1997), or synaptic plastic-
ity (Law & Cooper, 1994).

Since disparate models appear to achieve similar results,
the question arises whether there exists a general underly-
ing concept for feature learning (Saxe et al., 2011; Yamins
et al., 2014). Here we show that the principle of nonlin-
ear Hebbian learning can explain receptive field develop-
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ment under general conditions. The nonlinearity is defined
by the composition of the neuron’s activation function and
the nonlinearity of the plasticity function. The outcome of
such nonlinear learning is equivalent to projection pursuit
(Friedman, 1987; Oja et al., 1991; Fyfe & Baddeley, 1995),
which focuses on features with non-trivial statistical struc-
ture, and therefore links receptive field development to op-
timality principles.

We show that plastic neural networks, sparse coding mod-
els and independent component analysis can all be refor-
mulated in the same nonlinear Hebbian framework. For
natural images as input, we find that a broad class of nonlin-
ear Hebbian rules lead to receptive fields resembling edge
detectors, explaining how seemingly disparate approaches
may lead to similar receptive fields. The projection pursuit
perspective allows for predictions on the diversity of recep-
tive field shapes obtained in simulations for the considered
nonlinearities. The robustness to model assumptions also
applies to alternative datasets, implying that the statistical
properties of the input strongly constrain the type of recep-
tive fields that can be learned.

Results
The effective Hebbian nonlinearity

In classic rate models of sensory development (Law &
Cooper, 1994; Olshausen & Field, 1996), a first layer of
neurons, representing the input x, is connected to a down-
stream neuron with activity y, through connections with
weights w. The response to a specific input is y = g(wx),
where g is the activation function. In most models of Heb-
bian learning (Bienenstock et al., 1982; Gerstner et al.,
2014), updates ∆w of the connection weights depend on
pre- and post-synaptic activity, with a linear relation to
the pre-synaptic input, ∆w ∝ x · h(y) (Pfister & Ger-
stner, 2006; Clopath et al., 2010). The learning dynam-
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ics arise from a combination of the neuronal activation
function y = g(wx) and the Hebbian learning function
∆w ∝ x · h(y):

∆w ∝ x · h(g(wx)) = x · f(wx) (1)

where we define the effective Hebbian nonlinearity f :=
h ◦ g as the composition of the nonlinearity in the learning
rule and the neuron’s activation function. Therefore, the
learning dynamics, Eq 1, is completely determined by the
effective nonlinearity f and the statistics of the input x.

Many existing models can be formulated in the frame-
work of Eq 1. For instance, simple-cell formation
in the Bienenstock-Cooper-Munro (BCM) model (Law
& Cooper, 1994) has a quadratic plasticity nonlinearity,
h(y) = y(y − θ), with a variable plasticity threshold θ,
and a sigmoidal activation function, σ(wx), which com-
bine into nonlinear Hebbian learning dynamics, ∆w ∝
x · h(σ(wx)).

Sparse coding as nonlinear Hebbian learning

The sparse coding model (Olshausen & Field, 1996) min-
imizes the least square reconstruction error of the input
E = 1

2 ||x − w
T y||2 + λS(y), under a sparsity constraint

S with strength λ > 0, with K neurons y1, . . . , yK . The
resulting algorithm can be recast as a feedforward network
with lateral inhibition (Rozell et al., 2008; Zylberberg et al.,
2011), y = g(wx− vy), where v are inhibitory lateral con-
nections.

The algorithm may be divided in two steps: inference and
learning. In the first step, for each input sample, one mini-
mizes E with respect to all hidden units yj

d

dyj
E = 0

⇐⇒ wj(x− wy)− λS′(yj) = 0

⇐⇒ wjx−
∑
k 6=j

(wjwk)yk − ||wj ||2yj − λS′(yj) = 0

⇐⇒ yj + λS′(yj) = wjx−
∑
k 6=j

(wjwk)yk

⇐⇒ yj = g(wjx−
∑
k 6=j

vjkyk)

(2)
where we constrained the vector wj of synapses project-
ing onto unit yj by ||wj ||2 = 1, and defined the lateral in-
hibitory weights vjk = wjwk, and the activation function
g(.) = T−1(.) , the inverse of T (y) = (y + λS′(y)).

In the case of a single output neuron, the activation is sim-
ply y = g(wx). The nonlinearity g is threshold-like, and
determined by the choice of the sparsity constraint, such as
the Cauchy, L0 , or L1 constraints (Figure 1a). To avoid

instability, we implement a smooth membrane potential uj ,
which has the same convergence point (Rozell et al., 2008)

τu
d

dt
uj(t) = −uj(t) + (wjx−

∑
k 6=j

vjkyk(t))

yj(t) = g(uj(t))

(3)

initialized with uj(t) = 0.

The learning step is a least square regression optimization,
leading to ∆wj ∝ x · yj − wj · y2j −

∑
k 6=j wkykyj . The

decay term wj · y2j has no effect, since the norm is con-
strained, ||wj || = 1. Together, these derivations imply
that the one-unit sparse coding algorithm can be imple-
mented by an effective nonlinear Hebbian rule combined
with weight normalization. Although the learning rule is
linear, ∆w ∝ x ·y, a nonlinearity arises from the activation
function, y = g(wx), so that the effective algorithm is

∆w ∝ x · g(wx) (4)

For multiple units, it can be interpreted as projection pur-
suit on an effective input, not yet represented by other neu-
rons, x̃j = x −

∑
k 6=j wkyk, which simplifies to ∆wj ∝

x̃j · g(wj x̃j) .

Enforcing the assumption of decorrelated units y, we may
substitute the lateral inhibition term by decorrelating anti-
Hebbian synapses (Földiak, 1990), ∆vjk ∝ (yj−〈yj〉)·yk,
where 〈yj〉 is a moving average with τ = 1000 input sam-
ples, and constraining vjk ≥ 0. Also, we ignore the non-
local term

∑
k 6=j wkykyj . This approximation did not ap-

pear to have qualitative consequences on the learned re-
ceptive fields. The resulting Hebbian formulation can be
summarized as

yj = g(wjx−
∑
k 6=j

vjkyk)

∆wj ∝ x · yj
∆vjk ∝ (yj − 〈yj〉) · yk

(5)

This analysis reveals an equivalence between sparse cod-
ing models and neural networks with linear Hebbian rules,
where the sparsity constraint is determined by the activa-
tion function g.

Furthermore, algorithms performing independent compo-
nent analysis (ICA), a model class closely related to sparse
coding, also perform effective nonlinear Hebbian learning,
albeit inversely, with linear neurons and a nonlinear plas-
ticity rule (Hyvärinen & Oja, 2000). For variants of ICA
based on information maximization (Bell & Sejnowski,
1997) or kurtosis (Hyvärinen & Oja, 2000) different non-
linearities arise (Figure 1a), but the mathematical frame-
work of Eq. 4 applies equally well. Hence, various instan-
tiations of sparse coding and ICA models not only relate
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to each other in their normative assumptions (Olshausen &
Field, 1997), but when implemented as online gradient up-
date rules, they all employ nonlinear Hebbian learning.

Simple cell development regardless of specific
nonlinearity

Since the models described above can be implemented by
similar learning rules, we hypothesized nonlinear Hebbian
learning to be a general principle that explains the devel-
opment of receptive field selectivity. Nonlinear Hebbian
learning with an effective nonlinearity f is linked to an op-
timization principle with a function F =

∫
f . For an input

ensemble x, optimality is achieved by weights w̃ that max-
imize 〈F (w̃x)〉, where angular brackets denote the average
over the input statistics. Nonlinear Hebbian learning is a
stochastic gradient ascent implementation of this optimiza-
tion process, known as projection pursuit (Friedman, 1987;
Oja et al., 1991; Fyfe & Baddeley, 1995):

w̃ = maxw〈F (wx)〉 =⇒ ∆w ∝ x · f(wx) (6)

Motivated by results from ICA theory (Hyvärinen & Oja,
1998) and statistical properties of whitened natural images
(Field, 1994), we selected diverse Hebbian nonlinearities
f (Figure 1a) and calculated the corresponding optimiza-
tion value 〈F (wx)〉 for different features of interest that we
consider as candidate receptive field shapes. Relative opti-
mization values were normalized to [0, 1], relative to the
minimum and maximum values among the considered w’s,
R∗ = (R−Rmin)/(Rmax −Rmin).

The receptive field shapes include a random connectiv-
ity pattern, a non-local oriented edge (as in principal
components of natural images) and localized oriented
edges (Figure 1b). The relative value of 〈F (wx)〉 be-
tween one feature and another was remarkably consistent
across various choices of the nonlinearity f , with localized
orientation-selective receptive fields as maxima (Figure
1b). This shows that receptive field development of sim-
ple cells is mainly governed by the statistical properties of
natural images and largely independent of specific model
choices. In particular, details of the activation function and
the learning function do not matter.

To establish a quantitative measure whether a nonlinearity
is suitable for feature learning, we define a selectivity index
(SI), which measures the relative value of 〈F (.)〉 between
a variable l with a Laplacian distribution and a variable g
with Gaussian distribution (Hyvärinen & Oja, 1998): SI =
(〈F (l)〉 − 〈F (g)〉)/σF , with σF =

√
σF (l)σF (g), where

σF (.) =
√
〈F (.)2〉.

The Laplacian variable has higher kurtosis than the Gaus-
sian variable, serving as a prototype of a kurtotic distribu-
tion. Since values obtained by filtering natural images with
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Figure 1. Simple cell development from natural images regardless
of specific effective Hebbian nonlinearity. (a) Effective nonlin-
earity of five common models (arbitrary units): quadratic rectifier
(green, as in BCM models, θ1 = 1., θ2 = 2.), linear rectifier
(dark blue, as in L1 sparse coding, θ = 3.), Cauchy sparse coding
nonlinearity (light blue, λ = 3.), L0 sparse coding nonlinearity
(orange, λ = 3.), and negative sigmoid (purple, as in ICA mod-
els). (c) Relative optimization value 〈F (wx)〉 for each of the five
models in a, for different preselected features w, averaged over
natural image patches x. For all models, the optimum is achieved
at the Gabor receptive field. (inset) Example of natural image and
image patch (red square) used as input.

Gabor patterns have a long-tailed distribution (Field, 1994),
as does the Laplacian variable, positive values SI > 0 in-
dicate a function that will learn Gabor-like receptive fields.
We find that each model has an appropriate parameter range
where SI > 0 (Figure 2).

A sigmoidal function with threshold at zero has negative
SI, but a negative sigmoid, as used in ICA studies (Bell &
Sejnowski, 1997), has SI > 0. More generally, whenever
an effective nonlinearity f is not suited for feature learning,
its opposite −f should be, since its SI will have the oppo-
site sign. This implies that, in general, half of the function
space could be suitable for feature learning (Hyvärinen &
Oja, 1998), i.e. it finds weights w such that the distribution
of the feature wx has a long tail, indicating high kurtosis
(”kurtotic feature”). The other half of the function space
learns the least kurtotic features (e.g. random connectivity
patterns for natural images). This universality strongly con-
strains the possible shape of receptive fields that may arise
during learning for a given input dataset. For whitened nat-
ural images, a learnable receptive field is either a Gabor
filter or a non-localized random connectivity pattern.

An important special case is an effective linear curve,
f(u) = u, which arises when both activation and learning
curves are linear (Miller et al., 1989). Because the linear
model maximizes variance 〈(wx)2〉, it can perform princi-
pal component analysis (Oja, 1982), but does not have any
feature selectivity on whitened input datasets, where vari-
ance is constant.



Nonlinear Hebbian learning as a universal principle in unsupervised feature learning

LTP threshold

Se
le

ct
iv

ity
 in

de
x

 S
el

ec
tiv

ity
 in

de
x

F-I threshold

Se
le

ct
iv

ity
 in

de
x

Se
le

ct
iv

ity
 in

de
x

a b

c d

Sparsity penaltySigmoid center

Figure 2. Selectivity index for different nonlinearities f . (a)
Quadratic rectifier (small graphic, three examples with different
thresholds): potentiation threshold must be below 3.5 to secure
positive selectivity index (green region, main figure) and learn lo-
calized oriented receptive fields (inset). A negative selectivity in-
dex (red region) leads to a random connectivity pattern (inset) (b)
Linear rectifier: activation threshold must be above zero. (c) Sig-
moid: center must be below a = −1.2 or, for a stronger effect,
above a = +1.2. The opposite conditions apply to the nega-
tive sigmoid. (d) Cauchy sparse coding nonlinearity: positive but
weak feature selectivity for any sparseness penalty λ > 0. Insets
show the nonlinearities for different choices of parameters.

Receptive field diversity

We wondered whether our framework could also clarify
the receptive field shape diversity observed in models of
V1 (Ringach, 2002; Rehn & Sommer, 2007). To answer
this question we studied a model with multiple neurons in
the second layer, following the Hebbian implementation of
sparse coding described above.

Each neuron had a linear rectifier activation function and
a quadratic rectifier learning function and projected in-
hibitory connections v onto all others. These inhibitory
connections are learned by anti-Hebbian plasticity and en-
force decorrelation of neurons, so that receptive fields rep-
resent different positions, orientations and shapes (Földiak,
1990; Vogels et al., 2011; King et al., 2013). For 50
neurons, the resulting receptive fields became diversified
(Figure 3a-c). In a network of 1000 neurons, the diver-
sity increased, leading to an overcomplete representation
(Figure 3d-f).

For the analysis of the simulation results, we refined our in-
spection of optimal oriented receptive fields for natural im-
ages by varying their length, width and spatial frequency.
For all tested nonlinearities, the optimization function for

single-neuron receptive fields varies smoothly with these
parameters, with a single optimum (Figure 3). The single-
neuron optimality landscape was then used to analyze the
multi-neuron simulation results. We found that receptive
fields are located in the area where the single-neuron opti-
mality criterion is near its maximum, but spread out as to
represent different features of the input (Figure 3). This
result suggests that additional neurons will learn features
which are optimal when discounting features already rep-
resented. Thus the map of optimization values, calculated
from the theory of effective nonlinearity, enables us to pre-
dict the shape diversity of receptive fields.

Figure 3. Optimal receptive field shapes correlate with observed
diversity. (a-f) Gray level indicates the optimization value for dif-
ferent lengths and widths (see inset in a) of oriented receptive
fields for natural images, for the quadratic rectifier (left, see Fig-
ure 1a), linear rectifier (middle) and L0 sparse coding (right).
Optima marked with a black cross. (a-c) Colored circles indi-
cate the receptive fields of different shapes developed in a net-
work of 50 neurons with lateral inhibitory connections. Insets on
the right show example receptive fields developed by simulation.
(d-f) Same for a network of 1000 neurons.

Beyond simple cells

Nonlinear Hebbian learning is not limited to simple cells.
We investigated if the same learning principles could ex-
plain receptive field development in other visual or auditory
modalities.

For auditory modeling (Smith & Lewicki, 2006), we used
segments of speech as input (Figure 4a). Spectrotemporal
segments were sampled from utterances spoken by a US
English male speaker (CMU US BDL ARCTIC database
Kominek & Black, 2004). For the frequency decomposi-
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Figure 4. Nonlinear Hebbian learning across sensory modalities. (a) The auditory input is modeled as segments over time and frequency
(red) of the spectrotemporal representation of speech signals. (b) The V2 input is assembled from the output of modeled V1 complex
cells at different positions and orientations. Receptive fields are represented by bars with size proportional to the connection strength to
the complex cell with the respective position and orientation. (c-d) Statistical distribution (log scale) of the input projected onto three
different features for speech (c) and V2 (d). In all three cases, the learned receptive field (blue, inset) is characterized by a longer tailed
distribution (arrows) than the random (red) and comparative (green) features. (e-f) Relative optimization value for five nonlinearities
(same as in Figure 1), for the three selected patterns (insets). The receptive fields learned with the quadratic rectifier nonlinearity
(θ1 = 1., θ2 = 2.) are the maxima among the three patterns, for all five nonlinearities, for both datasets.

tion (Smith & Lewicki, 2006), each audio segment was fil-
tered by gammatone kernels, absolute and log value taken
and downsampled to 50 Hz. We observed the development
of spectrotemporal receptive fields localized in both fre-
quency and time (Miller et al., 2002) (Figure 4c). The
statistical distribution of input patterns aligned with the
learned receptive fields had longer tails than for random
or non-local receptive fields, indicating temporal sparsity
of responses (Figure 4c). Similar to our simple cell results,
the learned receptive fields show higher optimization value
for all five effective nonlinearities (Figure 4e).

For a study of receptive field development in the secondary
visual cortex (V2) (Lee et al., 2007), we used natural im-
ages and the standard energy model (Hyvärinen et al.,
2009) of V1 complex cells to generate input to V2 (Figure
4b). The learned receptive field was selective to a single
orientation over neighboring positions, indicating a higher
level of translation invariance. When inputs were processed

with this receptive field, we found longer tails in the feature
distribution than with random features or receptive fields
without orientation coherence (Figure 4d), and the learned
receptive field had a higher optimization value independent
of the choice of nonlinearity (Figure 4f).

Our results demonstrate the generality of the theory across
input modalities. Selecting a relevant feature space for an
extensive analysis, as we have done with simple cells and
natural images, may not be possible in general. Nonethe-
less, nonlinear Hebbian learning helps to explain why
some features (and not others) are learnable independent
of model details (Saxe et al., 2011).

Discussion
A variety of models have been used for representation
learning. We have shown that nonlinear Hebbian learning
is a parsimonious principle which is implicitly or explicitly



Nonlinear Hebbian learning as a universal principle in unsupervised feature learning

present in many models (Földiak, 1990; Law & Cooper,
1994; Olshausen & Field, 1996; Bell & Sejnowski, 1997;
Hyvärinen & Oja, 1998; Pfister & Gerstner, 2006; Rehn
& Sommer, 2007; Clopath et al., 2010; Savin et al., 2010;
Zylberberg et al., 2011; Hunt et al., 2013). The fact that the
specific nonlinearity is irrelevant exposes a functional con-
nection between different models. It also unifies feature
learning across modalities: receptive fields form around
features with a long-tailed distribution.

Independence from normative assumptions

Many theoretical studies start from normative assumptions
(Olshausen & Field, 1997; Bell & Sejnowski, 1997; Rehn
& Sommer, 2007; Savin et al., 2010), such as a statistical
model of the sensory input or a functional objective, and
derive learning dynamics from them. Our claim of univer-
sality of feature learning indicates that details of normative
assumptions may be of lower importance.

For instance, in sparse coding one assumes features with
a specific statistical prior (Olshausen & Field, 1997; Rehn
& Sommer, 2007). After learning, this prior is expected to
match the posterior distribution of the neuron’s firing ac-
tivity (Olshausen & Field, 1997; Rehn & Sommer, 2007).
Nevertheless, we have shown that receptive field learning
is largely unaffected by the choice of prior. Thus, one can-
not claim that the features were learned because they match
the assumed prior distribution, and indeed in general they
do not. For a coherent statistical interpretation, one could
search for a prior that would match the feature statistics.
However, since the outcome of learning is largely unaf-
fected by the choice of prior, such a statistical approach
would have limited predictive power. Generally, kurtotic
prior assumptions enable feature learning, but the specific
priors are not as decisive as one might expect. Because
normative approaches have assumptions, such as indepen-
dence of hidden features, that are not generally satisfied by
the data they are applied to, the actual algorithm that is used
for optimization becomes more critical than the formal sta-
tistical framework.

The concept of sparseness of neural activity is used with
two distinct meanings. The first one is a single-neuron con-
cept and specifically refers to the long-tailed distribution
statistics of neural activity, indicating a ”kurtotic” distribu-
tion. The second notion of sparseness is an ensemble con-
cept and refers to the very low firing rate of neurons, which
may arise from lateral competition in overcomplete repre-
sentations. Overcompleteness of ensembles makes sparse
coding different from ICA (Olshausen & Field, 1997). We
have shown here that competition between multiple neu-
rons is fundamental for receptive field diversity, whereas
it is not required for simple cell formation per se. Kur-
totic features can be learned even by a single neuron with

nonlinear Hebbian learning, and with no restrictions on the
sparseness of its firing activity.

Interaction of selectivity with preprocessing and
homeostasis

The concept of nonlinear Hebbian learning also clarifies the
interaction of feature selectivity with preprocessing mech-
anisms. We have assumed whitened data throughout the
study. Since after whitening second-order correlations are
uninformative, neurons can develop sensitivity to higher or-
der features. While whitened data is formally not required
for our analysis, second-order correlations may dominate
the optimization for non-white input, so that principal com-
ponents will be learned. Only when multiple neurons are
added and receptive fields diversify, are localized simple
cells formed with an input that is not completely white (Ol-
shausen & Field, 1997).

Instead of constraining the synaptic weights, one may im-
plement a synaptic decay as in Oja’s plasticity rule (Oja,
1982), ∆w ∝ x · y − w · y2 (see also (Chen et al., 2013)).
Because of its multiplicative effect, the decay term does not
alter the receptive field, but only scales its strength. Thus,
it is equivalent to rescaling the input in the activation func-
tion, so as to shift it to the appropriate range (Figure 2).

Universality supports biological instantiation

The principle of nonlinear Hebbian learning has a direct
correspondence to biological neurons and is compatible
with a large variety of plasticity mechanisms. The rela-
tion of nonlinear Hebbian learning to projection pursuit en-
dorses the interpretation of cortical plasticity as an opti-
mization process.

The universality of the framework discussed in this study
makes learning simple cell-like receptive fields from natu-
ral images easier than previously thought. It implies that a
biological interpretation of models is possible even if some
aspects of a model appear simplified or even wrong in some
biological aspects. Universality also implies that the study
of receptive field development is not sufficient to distin-
guish between different models.

Altogether, the independence of details in both input
modality and model implementation suggests nonlinear
Hebbian learning as a fundamental principle underlying the
development of feature representations.
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